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PROBLEMS / SOLUTIONS / COMMENTS
Round 2 - Year 10 - Academic Year 1998-99

Gene A. Berg, Editor

1/2/10. Determine the unique pair of real numbgéxsy) that satisfy the equation
(4x° + 6x + 4) (4y° — 12y + 25) = 28.

Solution 1 by Robert Kotredes (11/ME):The polynomial4x2 +6x+4 can be written as

4% + 352 + —, and therefore has a range ea‘— . The polynomjeztl— 12y + 25 can be writ-

ten a%%—gg + 16 , and therefore has a range=16 . Becéuﬁﬂﬁ = 28 , the only possi-

ble values for each polynomial are their minimums, which occmrat—i—s1 yamcg :

I\)lOJ

respectively. So the unique pair of real numhkersy) %

Solution 2 by Kim Won Jong (12/CA):Let A = (4x2 + 6X +4), then

A{4y*—12y + 25) = 28
(4y>— 12y + 25) = 2—A8

28

2 _
4y"-12y+25-5 = 0

Since there is a unique pdix, y) , the discrimiraint 4ac of the quadratic formula must equal
zero, or

12° 4 [14[%25—285

144— 4oo+4—/‘l-8 =0

A =

IS IEN

So,
A= AP +6X+4 =

NN



2 9
+BX+> =
4X” + 6X 2 0
[ 2
_ he 221 —4ac _ Zba = —3, since again, the discriminant is zero.

Substituting A into the original equation,

421(43’2 _12y+ 25) = 28

4y°—12y+9 =0

-_b_12 _3
Y= 22" 2m " 2
Therefore, the unique pair of real numbgéxsy) that satisfy the equation

(45 + 6x + 4)(4y* — 12y + 25) = 28

I\)IOO

is 13 30
D4 0

Solution 3 by Robert Klein (12/PA):“Completing the square” within each term we get:

9 _ 3f, 7 _
%x +6X + +4E((4y —12y+9)+16) = %HZD 4%(2y 3)2+16) = 28

Lo 37 _ 2 : 7 _
Substitutinga = %x+ 50 and = (2y-3)" , the equation becor%st Z%b +16) = 28
Observinga=0 and=0 ,wemusthase= 0 dmnd 0 siﬁdﬁG = 28

Solvinga = %XJ’SEZ =0 andb = (2y—3)2 = 0 , the unique pair of real numbers satisfying
the equation is (-3/4, 3/2).

Solution 4 by Adam Salem (12/NY)This solution uses calculus. L&{x) = %+ 6x+4  and

g(y) = 4y2—12y+ 25. Thusf(x) Ch(y) = 28 . To find the extreme points of bé#mdg, set

their derivatives equal to G:(x) = 8x+6 arfd(x) = 8>0 ,f$) has a minimum at

x = —0.75. Similarly,g'(y) = 8y—-12 andg”(y) = 8>0 , sg(y)hasaminimuma = 1.5 .
This is equivalent td (x) = f(-0.75 = 1.75 and(y) 2g(1.5) = 16 . Multiplying the inequal-
ities yields f (x)g(y) = 28 . This is notable because 28 is the number from the original equation,

which means that we are simply trying to find numbers x and y that mininige _g(y) . Since
both f(x) and g(y) are always positive, it follows that the smallest vald€>x3fCo(y) is the prod-
uct of their minimums. Thus the smallest valuef ¢X) [H(y) is produced when

(x,y) = (-0.73 1.9



Editor's Comment: This problem is based on a similar problem (E: 11418) proposed by Petre
Batranetu of Galati, Romania, in Issue 7-8/1997 ofdheeta Mathematica

2/2/10. Prove that there are infinitely many ordered triples of positive intdgets c) such

that the greatest common divisorafb, andc is 1, and the sura’b® + b’c? +c?a® s the
square of an integer.

Solution 1 by Irena Foygel (10/IL):Let x andy be relatively prime positive integers such that

x=1(mod 2). Leta = X b = 2y2 , and = xy . Becausandy are relatively prime anxlis
not divisible by 2a andb are relatively prime; therefore ged(, ¢ = 1.
Now,

a’b®+b°c® +c%a” = (x)(4y") + (4y") (Y7) + (Y (X
2
= XY@y’ +ay' +xXY) = (xy( +2y%)
Setn = xy( ¥ + 2y2) and observa’b® + b%c® + ¢?a® = n’
Because there are an infinite number of p@iry) meeting the above requirements, there are an
infinite number of triple¢a, b, c)meeting the requirements.

Solution 2 by Michael Castleman (12/MA)For relatively prime integers a, b, and c, the sum
a’b? +b%c? + %’ is a square of an integer if one of the numbers equals the sum of the other
two. We shall now prove this.

Without loosing the generality of the proof, assume that a + b = c. Replacing a + b for ¢ and sim-
plifying, we get:
a’b? + b%(a+ b)’ + (a+ b)%a’
= %%+ (a%+b’)(a+ b)?
= a*+ 22’0 +3a%b® + 2ab° + b’
2vab+ )’

Sincea® +ab+ b’ is an integer, the result is the square of an integer. Since there are an infinite
number of ordered triplds, b, c)such that, b, andc are relatively prime ana + b = ¢, and, for

:(a

all of those pairsazb2 +b’c?+c%a® isan integer, there exist an infinite number of ordered tri-
ples which meet the given criteria.

Solution 3 by Andy Large (11/TN):In order fora’b? + b%c? + c?a® to be the square of an inte-
ger, it must be possible to write it in the forn+ 2xy + y2 (ar+ y)2 . Conveniently, we have a

trinomial with squared first and third tern(s;wcb)2 a(ruria)2 . This means we only need the mid-
dle term to be equivalent to 2 times the product of the said squared terms. That is

b%c? = 2(ab)(ac) = 2a’bc



be _ 2
2

_ |bc
a=z

a will be an integer under either of the conditions:
2n+1

(i) b = 22n+1
Herea = /\/&_@2_)_8_2
2

(i) c and b are switched in (i) above.

2 2 .
[m~ andc = s form, n, sintegers.

= 2" Ons

Consider the tripl€a, b, ¢) = (2nms 22n+1m2, 52) , Whem, n ands are positive integers.

Whenm ands are relatively prime and whesand?2 are relatively prime, then GGB, b, ¢)=1,
and this triple meets the requirements above. There are an infinite number of such triples.

Solution 4 by Jeffrey Palmer (12/NY):ntegersa, b andc have GCD = 1 if two of the members
are distinct primes.

2,2 ,,22 22. .
a’b”+b"c” +c"a” is the square of an integer when a

square can be completed. ac
The a’c? anda’b® terms are accounted by
the shaded areas (see diagram at right). ab
If
b’c® = 2cbd’
o= 28
b

If b = 2andais an odd prime, then infinitely many tri-

ples can be created which meet the requireméatds, ¢) = (a, 2, a2)

Solution 5 by George Lee (11/CA): Supposeazb2 +b%c?+c%a% = d? , and rewrite the equa-

tion asd®— (a® + b?%)c? = a’b? . Witha = 1, this reduces td* — (b* + 1)c” = b?

Now let b = 1 to obtaim®—2¢® = 1 . Thisis a Pell's equation, which has infinitely many solu-
tions - each corresponding to an ordered tiipJel, c) [For a discussion of Pell’'s equation see the
Editor's comment following Solution 6.] For examp(e, d) = (c,,d;) = (2, 3) satisfies the

eguation. Some ways that successive solutions can be generated are by:
(i) using the recursive relations, , = 3c,+2d, adg,, = 4c,+3d, ;

(i) using the single recursive relatign, , = 6¢,,,—C¢, Whefe<2 and ¢ =12; or

(iii) using the equatiort, = ((3+ 242" —(3-2/2)")/(42)



For this solution, we will show that the first method works by induction:

dZ,,-2c2,, = (4c, +3d)*—2(3c, +2d )

16¢° + 24c,d_+9d> —18¢>— 24c, d_— 8d>
2 2

dn n

1.

—2C

Sincec,, 1 andd, ., are larger than,, andd,,, we can generate infinitely many solutiqnsd) =
(cn, dy)- Also, 1, 1, anat,, are relatively prime. Thus we can generate infinitely many correspond-
ing solutions (1, 1¢).

Solution 6 by David Fithian (11/OR):We are to show that infinitely many positive integer sets
2.2 2

(a, b, c, n)satisfy the equatioazb2 +b%c?+c%a® = n?  with gt b, c)= 1. Without loss of
generalization, let = 1. This automatically makes ged b, c)= 1, regardless of the valuesaof
andb. We are left witha’b® + a® + b? = n° witha, b, n[0 N . Now, set b = 1, so that

2a°+1 = n°. Rearranging, we see thatt—2a° = 1 ; since this is a Fermat-Pell equation of the

form x° —dy2 = 1, and since = 2is prime, there are infinitely many solution pdasn),and
thus the equation has infinitely many positive integral solutions witfagbgdc)equal to 1.

These solutions would Ke, b, ¢, n) = (r, 1, 1, s\wheres/ris a certain fractional convergent of
J2.. In particular, the first solution paiga, n)are (2, 3), (12, 17), (70, 99), (408, 577),... . It can be
verified thatn/aindeed converges tg2

Editor's Comments: This problem is due to Suresh T. Thaker of Bombay, India. We are grateful
for his contribution. A brief discussion of Pell's equations is available in the solutions to Round
1 of Year 10. Mr. Lee (Solution 5 above) presents two more methods to generate solutions using
Pell's equations which we have not included. Pell’s equations are used in Solution 6 as well. In the
following note, Erin Schram continues the discussion.

Solution by Pell's Equation,summary by Erin J. Schram, longtime grader.

Several test-takers solved problem 2 by Pell’s equation. Gene Berg described Pell's equation in
the solutions to round 1, but he did not expect Pell’s equation to be of any use in this round. The
creativity of the students who take the USAMTS is surprising and refreshing.

Pell's equation is the quadratic Diophantine equation of the form

x2—Dy2 =N



whereD andN are integer constants ar@ndy are integer unknowns. We start with the equation

22 22 22 2
ab +ac +bc =x

and we pick arbitrary integers farandb. This changes the equation to a Pell’'s equation in the
variablesx andc. Although settinga andb to arbitrary values won't give every solution to

a’b? +a’c® + b’c? = x2, the problem asked for only an infinite family of solutions, and the
solutions to the Pell's equation are an infinite family. Besides,anaiidb held constant, we can
pick them so that their greatest common divisor is 1, forcing the greatest common digisoy of
andc to be 1.

For example, the most common choice wasl1 andb = 1. Then the equation simplifies to
2 2
X —2¢c =1,

which is a Pell’s equation. This equation is almost identical to the equation from Gene Berg’s
discussionxz—Zy2 = +1 . Gene Berg's use of continued fractions to solve that Pell's equation
can be adapted to solve problem 2, since every other term from the solubiﬁnszmz =1
satisfiesx2—2y2 =1.

For variety, | will discuss the recursive solution to the Pell's equation that results from aetting
1 andb = 2, the second most common choice. This gk%es5c2 =4

Suppose we have the Pell’s equatim2n— Dy2 =N and one solution(tq,ity,) . Further-
more, supposeéu, v) isa solutionad—Dv? = 1 : note that | replaced the integih the
integer 1 in that equation. Th¢ox, + vDy,, vX, +uy,)  will be a solutionxo— Dy2 =N

We havex’—5¢” = 4 and some trial and error givegxix) = (3, 1) as one solution. For a
solution tou2—DV? = 1 , let’'s be lazy and cut our solution to the previous equation in half,
which gives(u, v) = (1.5 0.5 . Even though the recursion will not be built from integers, it is
possible that its results will still be integers. The result is a solgkoc) = (3, 1) and a recur-
sive relation:

(X 41, Ci 4 1) = (1.5x +2.5¢, 0.5x + 1.5¢;)

Hence, we can rearrange the recursive relation to the following:



(X Co) = (3, 1)

(X, €q) = (1.5%x3+25x 1 0.% 3 13 1= (7,3

(X5, C) = (1.5x 7+ 25x 3 0.% A 13 B= (18 9

(X3, C3) = (1.5x 18+ 2.5« 8 0.5 18 1.8 )8= (47, 2])

(Xg:€4) = (1.5x 47+ 2.5¢ 21 0.% 4% 18 21= (123 59

We also have the following relations:.
¢, = 05X, _,+1.5¢,_4, SO X _1 = 2¢, -3¢, _4
X; = 1.5% _4+2.5¢, _4, SOX = 1.5(2; —3c; _1)+2.5¢; _1 = 3¢;—2¢; _4

Ci,q = 0.5%+15¢c;, soc 4 = 0.5(3c; —2¢, _4) +1.5¢; = 3¢,—¢C; _4

The recursive relation; , ; = 3c;—c;_, tells us the solutions will all be integers. Some test-tak-
ers noticed that the values fgrwhich are 1, 3, 8, 21, 55, 144, 377,..., are every other term from
the Fibonacci sequence. The Fibonacci sequence, being the simplest nontrivial recursive

sequence, appears a lot in recursive relations.

3/2/10. Nine cards can be numbered using positive half-integers (1/2, 1, 3/2, 2, 5/2,...) so that the
sum of the numbers on a randomly chosen pair of cards gives an integer from 2 to 12 with the
same frequency of occurrence as rolling that sum on two standard dice. What are the numbers
on the nine cards and how often does each number appear on the cards?

Solution 1 by Megan Guichard (11/WA):With nine cards, there ag€, = 36 possible ways to

choose two cards. As it happens, there are@ls® = 36 possible outcomes when two dice are
rolled, with the following frequencies of occurrence:

Sum 21 31 4 5 6 7 8§ 9 10 11 1p
Frequency| 1| 2| 3| 4| 5| 6| 5| 4 3| 2| 1

Therefore, there must be exactly one pair of cards with a sum of 2, exactly two pairs of cards with
a sum of 3, and so on.

Since all possible sums must be integers, the cards must be numbered either with all integers or
with all odd integer multiples of 1/2. Since half-integers are specifically mentioned, it seems a
good assumption that all cards are numbered with odd integer multiples of 1/2 (at least until this



assumption is proven either true or false).

Operating under this assumption, there is only one way to get a sum of 2: 1/2 + 3/2. Thus there
must be exactly one card numbered 1/2 and exactly one numbered 3/2. Then there must be two
pairs of cards with sum 3; this can be accomplished by either 1/2 + 5/2 or 3/2 + 3/2. However, we
already know there is only one card numbered 3/2, so there must be two ways to draw 1/2 + 5/2.
Only one card is numbered 1/2 so there must be two cards numbered 5/2.

With the four cards we now have (1/2, 3/2, 5/2, 5/2) there are only two ways to draw a pair of

cards with sum 4: 3/2 + 5/2 and 3/2 + 5/2 (there are two cards numbered 5/2). Therefore we need
to add one more card that will create a sum of 4 when paired with an existing card. However the
new card must be greater than 5/2, because there are exactly the right number of cards less than or
equal to 5/2 already; thus the new card must be 7/2, which, when paired with 1/2, yields the third
way to get a sum of 4.

Continuing this line of reasoning shows that the remaining four cards must be numbered 9/2, 9/2,
11/2, and 13/2, meaning that the complete set of none cards is humbered as follows
(1/2, 312, 512, 512, 712, 912, 9/2, 11/2, 13/2)

With these cards, exactly one pair results in a sum of 2, exactly two pairings result in a sum of 3,
three pairs yield a sum of 4, and so on, with each sum having the same frequency as on a pair of 6-
sided dice.

Editor's comments: Erin Schram of the National Security Agency contributed this clever prob-
lem.

4/2/10. As shown on the figure, squarQRS is
inscribed in right triangl&BC, whose right angle is
atC, so thatSandP are on sideBC andCA, respec- P S
tively, while Q and R are on sideAB. Prove that

AB= 3QR and determine when equality occurs.

Solution 1 by Suzanne Armstrong (11/MO): A Q R B
(i) Since OAOOCPSOUORSB
OB OOCSPOOQPA
and OAQPOOCOOSRB= 90°

then AABC is similar todASRB .
(i) Let AQ = 1 andletx = PQ = PS= QR= RS
(i) So

and therefoBR = ¥



(v) Now to prove thaB= 3QR , we must shod + x + 1> 3x

This is equivalent to?—2x+ 1> 0 ofx — 1)2 >0 which is clear
and is further emphasized by its graph (at right).

(vi) As our last step, we determine when equality occurs. When
QR = 1 = AQ, thenAB = 3QR = 3 ; also,

whenAB = 3QR = 3, all of the triangles are isosceles
45°,45°,90°.

Thus,AB=3QR with equality wheAQ = QR .

Solution 2 by Xuejing Chen (12/0OK):Observe that

C
OAPQ = OSBRandOPAQ = OBSC, stdAAPQ is
similar to ASRB. P S
Thusz21 = b anolal2 = bc . a
c a

tSince(J/b—/0)° 20 , it follows thab + c> 2./bc .

Sob+c=2a,andb+c+ a=3a .

ThusAB=3QR.
Now, if b = ¢, thenb + ¢ = 2aso we have equality. This occurgdCAB  is isosceles.

Solution 3 by Daniel Moraseski (11/FL):

By similarity we have AQ _ AQ _ AC and— = — = —

QR PQ BC QR RS AC
The Arithmetic Mean - Geometric Mean inequality stai%etz Jst for nonnegative nusbers

andt. [See T in Solution 2 above for proof.]

B - Abs Arw Bre 85 . AC . BC_ =55 AC BCO _—

Equality is satisfied Wheg% = ;\_%: because this is the equality condition for the AM-GM. This

meansAC = BC and it is an isosceles right triangle.

Editor's Comments: We are most grateful to Professor Hiroshi Okumura of the Maebashi Insti-



tute of Technology for this excellent problem. Professor Okumura is in charge of the Japanese
counterpart of the USAMTS.

Many solutions used the inequality+ % >2  (for positive number n) in one form or another.

Since(n-— 1)2 >0 we can write>—2n+ 1> 0 , so’+1>2n amd % >2 . If this fact was

used in a solution, full credit for the solution required proof of this fact.

5/2/10. In the figure on the righABCD is a
convex quadrilaterak, L, M, andN are the
midpoints of its sides, an®QRSis the
guadrilateral formed by the intersections of
AK, BL, CM andDN. Determine the area
of quadrilateraPQRSif the area of quadri-
lateral ABCD is 3000, and the areas of
guadrilateralsAMQP and CKSR are 513
and 388, respectively.

Solution 1 by Mary Tian (10/TX): A
Notation: [RP>...R/] denotes the area of poly-
gon BP»...R,.

Connect AC. Because M, K are midpoints of
AB, CD respectively, then [ACK] = [ACD]/2,
and [CAM] = [CAB]J/2.

Hence

[AMCK] = [ACK]+ [CAM] = ([ACDJ/2) + ([CAB]/2)

=[ABCD]/2

Thus

[PQRS] [AMCK] - [AMQP] - [CKSR]
([ABCDJ/2) - [AMQP] - [CKSR]
(3000/2) - 513 - 388
5909.

So area of quadrilateral PQRS is 599.

Editor's comment: We are thankful to Professor Gregory Galperin of Eastern lllinois University
for proposing an earlier version of this problem. His many contributions are most appreciated.
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